In this study, we introduce nominal wage stickiness into an endogenous growth model based on R & D. This study examines how money growth affects long-run economic growth. We find that there exists a unique balanced growth path for sufficiently high rates of money growth, and that the economy exhibits sustained growth based on sustained R & D. Faster money growth results in greater employment and faster economic growth along such a balanced growth path. Furthermore, under some parameter restrictions, no balanced growth path exists for low rates of money growth; the economy is trapped in a steady state without long-run growth. These results suggest that money growth may be an important factor for long-run economic growth.
Introduction
This study proposes a new monetary growth model involving price stickiness and endogenous R & D. Short-run macroeconomic models usually consider price stickiness, as in new Keynesian models. In this study, we introduce nominal wage stickiness into a long-run growth model based on R & D and investigate how money growth affects long-run output, employment, and economic growth.
We base the dynamics of our model on the new Keynesian Phillips curve (NKPC), under which money is not super neutral, even in the long run 1 . [2] [3] proposed the Dynamic General Equilibrium (DGE) model with the NKPC and technological change, in which money is not super neutral in the long run and the long-run output gap exists when the monetary growth rate is below that of technological change. However, their analyses assumed exogenous technological change. This study proposes a DGE model based on the work of [2] with endogenous technological change rather than exogenous growth by introducing explicit R & D activities.
We focus on the steady-state economic growth and employment. For sufficiently high money growth rates, there is a unique balanced growth path, and the economy exhibits sustained growth based on sustained R & D. Faster money growth causes greater employment and faster economic growth along the balanced growth path. Furthermore, under some parameter restrictions, there is no balanced growth path for low money growth rates, and the economy is trapped in a steady state without long-run growth. These results suggest that money growth may be an important factor for longrun economic growth. That is, financial authorities are required to maintain high money growth rates to achieve sustained and faster economic growth.
Most of the preceding theoretical studies on money and endogenous growth have concluded that a higher money growth is associated with a lower rate of long-run growth, which is contrary to the conclusion of this study. See for example [4] - [8] . In contrast, [9] [10] have demonstrated the positive relationship between a monetary expansion and long-run growth using the infinitely lived overlapping-generation models.
Some studies such as [11] - [13] proposed endogenous growth models that introduced nominal rigidities. [11] investigated how the volatility of monetary policy affects output growth under price and wage stickiness. [12] studied optimal monetary policy by using an endogenous growth model with a sticky price due to Calvo pricing, and showed that the optimal steady-state inflation rate is zero. [13] proposed an endogenous growth model with sticky wage due to staggered Taylor wage contracts, and found a nonlinear relationship between money growth and long-run economic growth. In these studies, sustained growth becomes endogenous through learning-by-doing or simple externality, which differ from our study focusing on R & D as the engine of economic growth 2 . This study proposes a new channel attributed to nominal rigidities and endogenous R & D through which money growth influences the long-run economic growth. Some empirical studies argued that inflation has a negative impact on economic growth ( [15] - [17] ). However, [18] [19] pointed out that the negative correlation between inflation and growth is not robust. [20] concluded that growth and inflation are negatively related only in the extremely high inflationary economy. Furthermore, a number of empirical studies showed positive relationships between inflation (or money growth) and economic growth for advanced countries. See for example [21] - [26] 3 . Our 2 [14] have also proposed a new Keynesian endogenous growth model introducing human capital accumulations.
3 [21] reported a positive correlation between real growth and money growth (M0, M1, and M2) for a subsample of OECD countries using the data for the period 1960-1990. [22] showed a positive and statistically significant correlation between money (M1 and M2) and real GDP growth rates as well as between CPI and real GDP growth rates for the OECD countries using the data for the more recent period 1960-1996. They also found a positive and significant correlation between the growth rates of M1 and real GDP for countries with inflation rates no greater than 15%. [23] reported that the effects of inflation on economic growth are positive and significant when the inflation rate is below its threshold level of 15% -18% using the panel data for 80 countries over the period 1961-2000. [24] found that inflation is positively and significantly correlated with economic growth in industrial countries if the inflation rate is less than 2.53%. [25] also found a positive growth effect of moderate inflation for advanced countries. [26] used a threshold regression model to investigate a relationship between inflation and economic growth for Japan using the data for the period 1970-2001. They showed that inflation promotes economic growth as long as inflation rate falls within the range between 2.52% and 9.66%. study provides a theoretical explanation for these empirical results.
The remainder of this paper is organized as follows. Section 2 sets up the model used in our theoretical investigation. Section 3 derives the law of motion and the steady state, which characterize the equilibrium path of the economy. It also investigates the existence and the uniqueness of the steady state. Section 4 concludes the paper.
Model
We consider the continuous-time version of the dynamic model based on [2] is given by
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Final Goods Sector
We assume that perfect competition prevails in the final goods market. The final goods firm produces the quantity y according to the Dixit-Stiglitz function, 
where i p is the price of intermediate goods i, and p is the price of the final good or the price level, which is given by 
Intermediate Goods Sector
where x l represents the amount of composite labor allocated to the production of the 
From (2), the market equilibrium levels of output, y, and the price of the final good, p, are obtained as
We can rewrite (5) as
R & D Sector
The number of intermediate goods, N, expands according to the following equation:
where ( ) In equilibrium, the following free-entry condition must be satisfied:
, with an equality whenever 0.
The right-hand side is the nominal unit cost of R & D. V represents the value of the patent, which is given by the discounted stream of the monopoly profit:
where R is the nominal interest rate. Differentiating both sides with respect to time, t, yields the following no-arbitrage condition:
Households
Household j possesses nominal money balances, 
Money Growth
Financial authorities are assumed to change money supply, M, at a constant rate θ . That is, the financial policy rule is given by
All seignorage is transfered to households; that is, p M τ =  .
Steady State
When the nominal wage is sticky ( 0 γ > ), and the positive composite labor is allocated to R & D at any time ( 0 n l > ) the equilibrium path is characterized by the transversality condition and the following differential equations:
where
When R, χ , and ω are given, we obtain the x l , n l , and π as follows:
. 
Balanced Growth Path
If the law of motion (11) , .
However, to guarantee that n l * is positive, l * must be greater than l .
If it is the case that l l * > , at this fixed point y and N grow at constant rates. That is, the economy achieves balanced growth. We shall define this steady state as the balanced growth path (BGP). From (4) and (6), the balanced-growth rate of output is derived as 
Natural Employment Level
We refer to the output and employment level in the flexible-price economy (i.e., when 0 γ = ) as the natural output level and the natural employment level. The employment gap is the difference between the actual and natural employment levels. In the flexible-price economy, the employment level, l, is characterized by (10) instead of NKPC (9) . Then, substituting (4), (19) If 0 η η ≤ , the existence of the BGP requires that the money growth rate, θ , is sufficiently high. When θ is small and the BGP does not exist, there is only the nogrowth steady state mentioned below.
Case Allowing Money Contraction
Some algebra shows that the existence of a unique BGP. That is, sufficiently high rates of money growth are required to achieve sustained economic growth.
The following proposition summarizes the above properties.
Proposition 2.
1. If the parameters satisfy To put it more precisely, we can state the following proposition. The arguments of Propositions 1 through 3 are summarized in Table 1 for the case of 
Money Growth, Inflation, and Economic Growth
Let a unique BGP exist. Then, we obtain the following proposition. . Furthermore, consider the following two facts. First, the growth acceleration effect of money growth is attributed purely to nominal wage stickiness. A small value of γ diminishes the impact of money growth on employment and economic growth. In a flexible-price economy, a change in the money growth rate has no effect on employment and economic growth. That is, money is super neutral 10 . Second, even if financial authorities add 1% to the money growth rate, the rise in the long-run inflation rate is smaller than 1% because of the rise in the long-run growth rate y g * . That is, the impact of money growth on the long-run inflation rate is weakened by endogenizing growth.
Moreover, for high productivity R & D, which is captured by large values of η , the inflation rate might even decrease.
As for dual BGPs, we can prove the following proposition in a similar way to that of Proposition 4.
Proposition 5. Let dual BGPs exist. At the BGP with lower employment level, an increase in the money growth rate raises employment and the balanced-growth rate. Whereas, at the BGP with a higher employment level, an increase in the money growth rate depresses employment and the balanced-growth rate.
No-Growth Steady State
There exists a different steady state from the BGP at which no labor is allocated to R & D and long-run growth never occurs. We refer to such a steady state as the no-growth steady state. At the no-growth steady state, since the free-entry condition (7) does not hold with an equality, (14) , (15) , and (16) are not fulfilled, and 0 n l = and
The value of each variable at this steady state is derived as follows: In addition, n x l l increases. It is more realistic to assume the upper limit of labor supply. This study focuses on the situation in which employment does not reach the upper limit of labor supply. 10 This result depends on the assumption of the money-in-utility-function.
11
When θ is negative, γ must be sufficiently small and satisfy l is greater than l , and the free-entry condition (7) is not fulfilled. From (3) and (8) 
Conclusions
This study developed a R & D-based endogenous growth model by introducing money growth and a price adjustment process. This study assumed that nominal wage is adjusted stickily because of adjustment cost and derived the new Keynesian Phillips curve, under which money is not super neutral even in the long-run.
When the money growth rate is sufficiently high, the economy has a unique balanced growth path, and can sustain long-run positive growth based on sustained R & D. Furthermore, faster money growth brings greater employment and faster economic growth along a unique balanced growth path. In contrast, under some parameter restrictions, when the money growth rate is sufficiently low, there is no balanced growth path, and the economy is trapped in a no-growth steady state. These results suggest that money growth may be an important factor for long-run economic growth.
To highlight the effect of nominal wage stickiness, this study adopted the money-inutility-function approach, under which money is supernatural in a flexible-price economy. One interesting extension would be to analyze a model with another specification for money demand, for example cash-in-advance approach. In such case, the super neutrality of money may not hold even in a flexible-price economy, and the growth acceleration effect which is argued in this study might be weakened or strengthened.
Such topic will be the subject of future research.
